and the modern solution of T. Dray and M.A. Corinne (2015). It is shown that the derived definition is equivalent to the first solution presented by S.Okubo in an insufficiently perfect form.
INTRODUCTION
In this paper the generalization of a cross product to the case of three arguments for a fourdimensional and eight-dimensional vector spaces is considered. At present, one of the obstacles to solving this kind of problem is the commonly used definition of a vector product by means of an intuitively percepted "right-hand rule". In the toolkit of hypercomplex numbers (non-commutative quaternions and non-associative octonions [1, 2] ), the notion of a cross product of a pair of vectors is introduced without referring to intuition, which simplifies the solving of the problem. However, unlike the cross product itself, acquaintance of the reader with hypercomplex numbers is usually limited, since the hypercomplex numbers are mentioned only in fewer courses on abstract algebra [3] . To quickly master the hypercomplex numbers it is enough to use the popular book [2] . Many useful rules for working with hypercomplex numbers one may find in [4] . In the presented paper only formulas that most important for a context are listed. Unnumbered formulas are mainly given either for memorization, or for explaining the meaning of the notation.
In the paper, we adhere to the notation of [2] . The aim of the paper is to generalize the additive Hermitian decomposition, to substantiate the generalization of the cross product, and to simplify the toolbox of hypercomplex numbers, which can prove to be especially useful when working with nonassociative octonions.
ELEMENTARY INFORMATION By 0
i we denote the multiplicative unit that commutes with any hypercomplex number u and, when multiplied, leaves it unchanged: 
From the last relations it is easy to establish the useful identity: 
. In order to reliably relate to multiplication of quaternions and octonions it is useful to keep in the mind the following elementary formulas.
First formula expresses that conjugation changes the order of factors:
And the following formula for the inner product   
Finally, the formula:
states that the order of multiplying of three hypercomplex factors 1 u , u and 2 u does not affect the inner product of   2 1 u u u and 0 i . So, the product 2 1 uu u , written without brackets, implies choosing either of the two alternative ways of their arrangement, just as in left part of (1) .
To substantiate the claimed additive decomposition in the toolkit of hypercomplex numbers it is useful to preliminary consider a system of three operations of the Hermitian conjugation type.
Let Au be a linear transformation of the vector u of eight-dimensional space of octonions, in particular, the four-dimensional space of quaternions. Let us consider
, where 1 u and 2 u are fixed vectors. Let the operation «  » of the transformation of the operator A be the operation of Hermitian conjugation:
for any pair of octonions u and v .
Let operation « * » be an operation of inversion of multiplicative order, which is carried out by conjugation of u together with both parameters 1 u and 2 u in combination with common conjugation:
» be a double conjugation operation, consisting in replacing of the central argument by the conjugate one followed by the common conjugation:
The above linear transformation of the operators A ,
and the inverse transformation, are described by the normalized symmetric orthogonal Hadamard matrix
, which coincides, up to a factor, with the inverse matrix:
For a fixed first row in the matrix 4 A , the permutation of the remaining three rows, in general, violates the symmetry of the matrix, but preserves the set of columns. For example, by interchanging the last two lines, we get a matrix, in which the rows, numbered from top to bottom in order 1, 2, 3, 4, correspond to columns alternating from left to right in the order of 1, 3, 4, 2.
It is characteristic that the quartet of rows (columns) of the matrix 4 A is an abelian group with respect to the operation of termwise multiplication. In this case, the rows (columns) 1,  ,  ,  are alternated in the order of group multiplication which is not violated for any permutation of rows (columns). 
whose action is determined by the relations:
is presented in the form:
In this case the matrix 8 A of size 88, consisting of ± 1, is symmetric and has the form of Fig. 1 :
1. An example of a symmetric matrix with matching sets of rows and columns Fig. 1 shows a matrix 8 A in which the alphabetic designations of the alternation of rows and columns in a fixed order of group multiplication are written before the rows and above the columns. For clarity, the cell fields containing 1  , are painted black. A symmetric matrix 8 A is a normalized orthogonal Hadamard matrix, and, up to a factor, coincides with its inverse: 8 E is the diagonal matrix of 1. The eight rows (columns) in Fig. 1 occupying places e ,  ,  ,  ,  ,  ,  ,  , constitute an Abelian group with respect to termwise multiplication and are ordered in the matrix accordingly to «doubling algorithm» [2] (Fig. 1) . It is noteworthy that the matrix 8 A posesses a permutation symmetry [5] [6] [7] [8] [9] , such that the set of columns does not change under of 168 permutations of rows preserving the order of the alternation of rows in accordance with the doubling algorithm. These 168 permutations constitute a group. Of these, 140 permutations of rows preserve sets of columns but violate the diagonal symmetry of the matrix, as, for example, in the matrix of Fig. 2 . Fig. 2 shows a matrix of identical sets of rows and columns. For clarity, the cell fields of the matrix, containing 1  , are colored in black. Before the rows and above the columns of the matrix are written the alphabetical designations that indicate the location of rows and columns placed in the order of group term-by-term multiplication. On the left and superiorly the underlined numerical designations of rows and columns are added, which numbered in the order of their alternation in the matrix 8 A in Fig. 1 . The remaining 28 of the 168 permutations of the rows of the matrix 8 A preserve not only the set of columns, but also the diagonal symmetry of the matrix 8 A (Fig. 1) .
Fig. 2. Example of an asymmetric matrix with matching rows and columns
The alternation of rows 0,1, 2, 3, 4, 5, 6, 7 ( Fig. 1, 2 ) in symmetric matrices is given in Tab 6 7 1 4 5 5 5 2 6 1 2 3 4 4 6 1 2 7 3 4 6 3 7 1 2 6 2 4 7 5 7 3 1 3 4 1 5 2 6 6 6 1 2 7 3 5 4 3 7 1 2 5 4 7 3 5 5 6 3 6 2 7 2 4 7 4 1 7 1 3 5 4 6 1 2 1 2 5 4 6 3 In the above table the leftmost column of numbers, alternating from top to bottom in a natural order, describes the matrix of Fig. 1 . Pairs of columns from Tab. 2 define the permutations of the rows preserving the symmetry of matrix Fig.1 . For a fixed first column that coincides with a column of alternating numbers 0,1, 2, 3, 4, 5, 6, 7, the columns of Tab. 2 describe 28 permutations of rows preserving the diagonal symmetry of the matrix in Fig. 1 . These 28 permutations are not a group, but represent the union of an octet of cyclic subgroups of 3, 4 and 7 order, including two subgroups of the seventh order, three cyclic subgroups of the third order and three cyclic subgroups of the fourth order. Vertical lines in Tab. 2 separate columns that describe permutations from one cyclic subgroup.
It can be shown that the discussing normalized Hadamard matrices of size 88:  are determined by their permutability so that the matrix itself is uniquely reconstructed from permutations that do not violate its diagonal symmetry, and to recover the matrix, it is sufficient to select in prescribed algorithm from twenty-eight columns of Tab. 2 only three columns that specify a pair of permutations [6] [7] [8] ;  are characterized by the maximum permutation symmetry, which is preserved with the maximum number of permutations of the rows different from the first row containing only 1  [7] . Owing to listed properties, the discussed Hadamard matrices have found practical application in a series of games with permutative symmetry [6] [7] [8] [9] .
THE DECOMPOSITION OF THE TRIPLE OCTONIONIC PRODUCT INTO THE SUM OF THE ANTICOMMUTATOR, COMMUTATOR, AND ASSOCIATOR
Let's obtain an additive decomposition of the product   2 1 u u u of three octonions 1 u , u and 2 u for two commuting operations, namely, for the operation of Hermitian conjugation «  » and the operation of inversion of the multiplicative order « * ». Using Tab.1, we rewrite the trivial relations from the right-hand side of (2) as: (4), (6), they coincide with the symmetric-skew-symmetric (antisymmetric) components
аnd 2 u with the conjugate central argument u . NOTE: The validity of (5) and the equalities of the half-sums in (3), (4), (6) follows from the anticommutativity of the associator, which in turn trivially follows from associator zeroing if any two of the three arguments coincide [10] [11] [12] . Concerning formulas (6), it should be noted that they can be considered as a definition of a triple commutator. It is noteworthy that similar definitions are found in the literature, for example, in [13] on the page 224.
By means of the inverse expressions from the left-hand side of (2) the terms
Formula (7) gives the decomposition of the triple octonionic product   and associator 2 1 , , u u u :
and (8) - (10) give the expressions   1
as a linear combinations of the listed mutually orthogonal terms.
It is easy to verify the mutual orthogonality of 
, using the explicit expression of   
and also by the expression of   
The formula (11) 
The cross product   i , that according to (6) coincides with the commutator of two vectors 1 u , и 2 u :
where the vector   
In the rest, the cross product   2 1 ,u u preserves the properties of the conventional cross product, which is introduced in three-dimensional space using the intuitively perceived "right-hand rule". Under the preservation of properties it is meant that if we introduce the operation of annulling the real component of a hypercomplex number u denoting by a prime:
then the cross product   
It is pertinent to note that in the special theory of relativity of A. Einstein, the quantity   u u, is called «the space-time interval» and is treated as an analog of the spatial distance, where u is the fourdimensional space-time vector identified with the hypercomplex number by W.R. Hamilton himself and by his contemporary followers [1, 15] . 7. SOURCE SOLUTIONS The generalizing of cross product of two vectors to the case of more than three dimensions was investigated by Zurab K. Silagadze in [16] . The solution is constructed by postulating axioms, which have a physical meaning and generalize the characteristic properties of the traditional threedimensional cross product. It is shown that the only possible dimensionality for a justified generalization of a vector product is dimension 7. The generalization of a cross product as the octonionic commutator of two arguments is given as an example. It is noteworthy that in addition to the product of three vectors in [16] , the product of three arguments is also considered. In this connection, a number of interesting relations are derived. Namely the known formula "'BAC' minus 'CAB'" (russian) is treated: B  A  C  C  A  B  C  B  A  ,  ,  , 
